This paper aims to present the details of mathematical derivation for static bending problem of isotropic sectorial plates that involve stress singularities at the vertex of the plates due to geometry and boundary conditions. Following the classical Kirchhoff's plate theory, the general complete solution of 4 th -order partial differential equation governing the plate-bending behaviors can be determined mathematically and expressed explicitly in the form of infinite series through the separation of variables method in terms of polar coordinates. Based on the principle of superposition the solution can be separated into two parts; namely, the particular solution and complementary solution in which the latter describes the local singular behaviors at its sharp vertex exactly. Some cases of circular, annular and sectorial plates with mixed circumferential edge conditions that remain undetermined analytically up to the present time are also suggested.
Introduction
It is generally well known that the existence of stress singularities for several three-dimensional problems in elastic solids may be caused by geometric, loading conditions and/or material discontinuities. Significantly, it is also known that these stress singularities reflect the limited physical application of the linear elasticity theory [24] since they cannot be sustained by a real material. Although stress singularities are not of the real world, however, their presences in a stress analysis are a real fact of the theory and must be incorporated in any elastic stress analysis.
Problems involving stress singularities have wide applications and they are in great interest in many fields of engineering including microelectronics, aerospace, maritime, and nuclear engineering. It has been pointed out that stress singularity behaviors in a problem must be properly considered to obtain a convergent and accurate numerical solution in different numerical approaches [12] . Therefore, the knowledge of the nature of the stress singularities is found to be very important to achieve greater efficiency and higher accuracy in the numerical computation of various quantities of engineering interest including stresses and stress intensity factors by taking the stress singularity function into consideration in an interpolation function (shape function) of finite element [1, 2, 6, 20, 26] and boundary element methods [5, 18, 19, 21, 23, 30] . Notably, these afore-cited studies reveal that singular elements can be used successfully to investigate the problems with stress singularities by describing the exact order of stress singularities in the vicinity of singular points. Nevertheless, it may be properly stated that the results obtained by those numerical methods are still an approximate solution [11] .
Within the framework of classical plate theory, stress analysis of thin elastic plates is based on the generalized plane stress theory of elasticity. Since stress singularities can arise in the mathematical solutions of thin isotropic plate problems, there are at least three situations of plates which can produce stress singularities. The first concerns with the static plate problems under the concentrated applied forces and moments. In this situation, the stress components at points of application of the loads ( 0) r  become infinitely large. Thus, it can be concluded that point forces cause stress singularities of the type (ln ) O r , while point moments result in stress singularities of the type (1/ ) O r as r approaching zero [25] . The second is pertained to the problem of plates having discontinuities in edge conditions [10] or problem of plates with mixed conditions [22] . Stress singularities occur at the points where the boundary conditions change in type. This leads to the order of stress singularities of the type (1 ) O r , which has also the same order of singularity in stress fields near the root of the cracks in any linear elastic cracked body problems [9] . In the third situation, stress singularities in plates can be encountered due to the plate geometry, namely, a sudden change of direction of the boundary conditions or an abrupt change in boundary domain of the plates. These singularities occur whenever polygonal regions are considered. A typical example is the problem of sectorial plates [15] , rhombic plates [14] , circular plates with V-notches or sharp radial cracks [13, 16, 17] , and rectangular plates having edge V-notches [8] . Among all the possible shapes of plates as mentioned, the stress field is found to have singularities at acute corner angles in the order of the type
n   represents the singularity order depending on the boundary conditions along two radial edges at angular corners or at re-entrant corners of the plates and also regardless of the loading conditions [27] . Therefore, there will be an infinite number of n  that corresponds with various plate corner angles and boundary conditions.
Mathematically, values of n  need not be an integer and are generally a complex number. Besides, it is known that the real part of each n  would not be more than one and cannot be less than zero (0 Re( ) 1)
In this paper, emphasis is placed on presenting the exact bending solution for thin isotropic sectorial plates having various edge conditions under transverse loading where stress singularities at the angular corner of the plates are taken into account in the analysis. Using the separation of variables method, the general complete solution can be obtained analytically in the closed-form expression. The singularity behaviors near the vertex of the plates due to geometry and boundary conditions are presented and discussed in details.
Governing equation of plate
This paper describes a procedure to analyze the bending of isotropic sectorial plates with stress singularities at the sharp vertex corners. Thus, the plane geometry of the plate in polar coordinates ( , ) r  is illustrated in Figure 1 .
Figure 1 The coordinates defined in a sectorial plate
With regardless of the circumferential edge boundary conditions at r a  , there are six possible configurations of plates due to the combinations of boundary conditions; namely, clamped, free, and simply supported edges along the radial boundaries at 0   and    . It is important to note that stress singularities exist at the sharp corner angle of plates at 0 r    as explained in the previous section. Based on the Kirchhoff-Love hypothesis for the theory of thin plates [25] , it is necessary that the plane initially perpendicular to the neutral plane of the plate   a r
Approach
The general complete solution of (1) can be found by using the method of superposition, which is the sum of particular solution and complementary solution. Consider the plate as shown in Figure 1 
where  is the vertex angle and ( ) m q r is the coefficients expansion of finite Fourier transform [3] .
The complementary solution ( , ) c w r  can be determined from the homogeneous equation (1) by setting ( , ) q r  equal to zero, and satisfying the boundary conditions along the circumferential edge and radial edge. Thus, the solution is written in the form ( , ) ( w r  as given in (6) represents the local singular behavior due to the geometry and boundary conditions of the plates. However, this solution will be excluded in some cases depending on the plate considered. For the solution ( , ) c c w r  , it can immediately be found as follows [25] :
and
where 0
and m E are the unknown constants to be determined from the boundary conditions along circumferential edge of the plate.
For the remaining complementary solution ( , ) r c w r  , Williams [27] who first investigated the singular behavior arising from the vertex of a sectorial plate, is interested in the stress singularities in plate bending due to boundary geometry. To determine the solution ( , ) r c w r  of (1), by using the separation of variables method, the solution is represented in the form below
and assuming ( ) G r is a function of power series in r as
where n c is unknown constant and n  is the eigen-value parameter (eigenfunction)
to be determined as part of the solution later. It is noted that the value of n  need not be an integer and can be a complex number. By substitution of (13) into (2), yields
and therefore, the homogeneous biharmonic equation of ( , ) r c w r  is obtained as 
Because of the linear independence of the terms ( 1)
The general solution of (17) can be written in the form as 1 2 3 4 ( ) cos ( 1) sin ( 1) cos ( 1) sin ( 1) n n n n
where 1 C  , 2 C  , 3 C  , and 4 C  are the arbitrary constants. Using (14) and (18), the expression of ( , ) r c w r  as given in (13) becomes
in which the unknown constants n A , n B , n C , and n D can be determined from the four boundary conditions; two conditions along each radial edge at 0
resulting a set of four homogeneous algebraic equations in terms of the unknowns n A , n B , n C , and n D . For obtaining a non-trivial solution, the determinant of the coefficients of unknown constants must be vanished leading to the final result of eigenequation (characteristic equation) to the determination of n  .
The terms ( , )
n W r  are called the corner functions [8, [13] [14] [15] [16] [17] characterizing the local behavior, which can be singular at the vertex of angular corner of the plate. It is interesting to note that there are an infinite number of eigenfunctions n  for each eigenequation, then, there will be an infinite number of corner functions corresponding to the boundary conditions along two radial edges. It can be noted that for the case of 0, 1 n    , the general solution of (17) is not in the form presented in (18) as stated in Lefeber [11] . However, it can be given as follows:
where * A is arbitrary constant. However, these solutions are not taken into account in the eigenequation because they yield the trivial solutions for the deflection function.
Analysis
Due to the stress singularities arising in the solution of ( , ) 
For a free radial edge: (24) and for a simply supported radial edge:
in which superscript primes denote the derivative with respect to  , and M  ,V  are the bending moment per unit length and the Kirchhoff's shear per unit length of the plate, respectively, which have the expressions as 2 2 
The six characteristic equations associated with the possible combinations of boundary conditions as given in (21) to (26) are shown in Table 1 , which were first presented by Williams [27] . It can be seen that the characteristic equations for the cases 1, 4, and 6 are independent of the Poisson's ratio. Since n  is the complex number, only the real part Re( ) n  of any value n  is then considered and has to be positive, Re( ) 0 n   to meet the requirement of regularity conditions at the vertex; namely, the deflection and slope must be finite at the origin ( 0) r  in the physical sense and also the strain energy density o U is not integrable over any area near 
With these conditions, the minimum values of Re( ) n  are desired to determine.
The variation of minimum Re( ) n  having vertex angle  for the Poisson's ratio taken as 0.3 is already illustrated in Figure 2 , which was presented by Huang [7] . However, for the vertex angle varied from 0  to 180  , it was first provided by
Williams [27] . It is noted that the smallest positive real part of n  can be easily obtained from the numerical algorithm [29] . As demonstrated in Figure 2 for the cases of moment (or stress) when the minimum Re( ) 1 n   , it is found that singularity behavior in the vicinity of the corner will not be introduced because the stresses and moments become finite and the strength of the singularity as evidenced by decreasing value of Re( ) 
Application
Further study of the radial edge conditions of case 5 in Table 1 
in which the case of 0 n  is not considered because the slope must be finite at the origin. Substituting (31) into (19) and writing the first two terms in series, yields the expression as ( , ) 
where ( ) O represents the higher order terms. Since Williams [28] suggested the more convenient way to write the solution in terms of even and odd functions of 
conditions are more difficult to solve analytically, because the clamped and free support conditions do not have a common boundary condition. Finally, Figure 5 gives some remained unsolved problems of circular and annular sectorial plates having mixed circumferential edges.
Figure 4
Geometry of circular and annular plates with mixed edge conditions Figure 5 Geometry of sectorial plates with mixed circumferential edge conditions
